Evidences of evanescent Bloch waves in Phononic Crystals 
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We show both experimentally and theoretically the evanescent behaviour of modes in the Band 
Gap (BG) of finite Phononic Crystal (PC). Based on experimental and numerical data we obtain 
the imaginary part of the wave vector in good agreement with the complex band structures obtained 
by the Extended Plane Wave Expansion (EPWE). The calculated and measured acoustic field of 
a localized mode out of the point defect inside the PC presents also evanescent behaviour. The 
correct understanding of evanescent modes is fundamental for designing narrow filters and wave 
guides based on Phononic Crystals with defects. 
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During the past few years, there has been a great deal 
of interest in studying propagation of waves inside pe- 
riodic structures. These systems are composites made 
of inhomogeneous distribution of some material period- 
ically embedded in other with different physical proper- 
ties. Phononic crystals (PC)^ are one of the examples 
of these systems. PC are the extension of the so-called 
Photonic crystals'^ when elastic and acoustic waves prop- 
agate in periodic structures made of materials with dif- 
ferent elastic properties. When one of these elastic mate- 
rials is a fluid medium, then PC are called Sonic Crystals 

For these artificial materials, both theoretical and ex- 
perimental results have shown several interesting physi- 
cal properties^. In the homogenization limiti, it is pos- 
sible to design acoustic metamaterials that can be used 
to build refractive devices^. In the range of wavelengths 
similar to the periodicity of the PC (A ~ a), multiple 
scattering process inside the PC leads to the phenomenon 
of so called Band Gaps (BG), which are required for filter- 
ing sound^, trapping sound in defects^ii^i and for acoustic 
wave guidingii. 

Propagating waves inside a periodic media are a set 
of solutions of the wave equations satisfying the trans- 
lational symmetry property. However, periodic media 
with point defects where the translational symmetry is 
broken, or finite periodic media, can support evanescent 
modes as well. Recently Laude et al.— have analyzed 
the evanescent Bloch waves and the complex band struc- 
ture of PC. Complex band structures show bands that 
are simply not revealed by the traditional ijj{k) method. 
By means of the complex band structures, BG can be 
defined as ranges of frequencies where all Bloch waves 
must be evanescent. 

The goal of the paper is to characterize the evanes- 
cent behaviour of waves with frequencies in the BG in- 



side of PC. Analytical, numerical and experimental data 
show the evidences for the exponential-like decay of these 
modes. Engelen et alJ^ shown that modes inside BG 
in photonic crystals decay multiexponentially. Super- 
cell approximation in Extended Plane Wave Expansion 
(EPWE)i^"— has been used in the preseent work to de- 
termine the imaginary part of the wave vector of evanes- 
cent modes. Specifically, we have deduced both analyti- 
cally and experimentally the imaginary part of the wave 
vector observing that only the first harmonic contributes 
substantially to the decay of the acoustic field inside com- 
plete SC. In all cases we have obtained a very good agree- 
ment between theoretical and experimental results. 

We have performed experiments in an echo-free cham- 
ber of dimensions 8x6x3m^. The finite 2D SC used in 
this paper forms a square array with lattice constant 
a — 22cm. The size of the SC is 5ax5a and the ra- 
dius of the cylinders is r = 10cm. A prepolarized free- 
field 1/2" microphone Type 4189 B&K has been used 
throughout the experiments. The diameter of the micro- 
phone is 1.32cm, which is approximately 0.06a. Our sys- 
tem SDReAMS (3D Robotized e-Acoustic Measurement 
System) is capable of sweeping the microphone through 
a 3D grid of measuring points located at any trajectory 
inside the echo-free chamber. Motion of the robot is con- 
trolled by NI-PCI 7334. 

Figure [T] shows the complex and real band structures 
for the SC with a point defect. The complex band struc- 
tures and the value of the k number for the modes in- 
side the BG can be obtained by EPWE and it becomes 
in a purely real value for the localized mode. We can 
observe the localized mode at 920IIz (green continuous 
line). That value exactly coincides with the value ob- 
tained by Plane Wave Expansion (PWE) with supercell 
approximation. We have compared these results with ex- 
perimental data measuring the Insertion Loss (IL) behind 
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FIG. 1. (Color online) Band Structures of a complete SC and 
of a SC with a defect point versus experimental data for a 
complete SC and a SC with a point defect, a) Left panel: 
Complex Band Structure calculated by EPWE with the su- 
percell approximation. Central panel: Real Band Structure. 
Green line represents the localized mode. Right panel: Ex- 
perimental Insertion Loss of the complete SC (red line) in the 
Band Gap and experimental Insertion Loss of the SC with a 
point defect (blue line) . The inset shows the supercell used in 
the calculations. Red Square marks the value of the imaginary 
part of the wave vector Im{k) = —5.6. b) Band structures 
for a complete SC. SC made of PVC cylinders with r = 0.1m, 
ppvc = 1400kg/m^ and cpvc = 2380m/s, embedded in air, 
pair = 1.23kg/m^ and Cair ~ 340m/s. 

the SC with and without the point defect. In Figure [T] 
we can observe that the experimental IL for the local- 
ized mode at frequency 920Hz (blue line) is lower than 
the case of the complete SC (red line), i.e., it can be con- 
cluded that there is a passing mode. This results because 
the localized mode is not killed completely by the SC 
around the point defect (see alsoi^,). In fact, although 
the localized mode has an evanescent behaviour, as we 
will see later, in this case there is not enough number of 
rows around the point defect to kill it. 

For frequencies in the BG, the borders of the point 
defect act as perfect mirrors producing the localization 
in this cavity''. The localized mode sees a complete SC 
from inside the point defect in every directions. Thus, 
the localized mode should present out of the cavity a 
decay analogous to a wave with the same frequency im- 
pinging over the SC from outside. Both cases should 
be represented by the same Im{k), i.e., by the same 
evanescent behaviour. There are several values of the 
imaginary part of the wave vector at the localized fre- 
quency in the Complex Band structures shown in Fig- 
ure [1] which shows the multiexponential behaviour. In 
this paper we show for the localized frequency, 920Hz, 
that the first harmonic obtained from the Figure [1] (red 
square), Ira{k) = — 5.6m~^, can represent thee decay of 
the mode inside the SC. The contribution to the next har- 
monics to the multiexponential decay can be neglected. 

In order to study this behaviour of the localized mode 
we have analyzed numerically the acoustic field inside 
the SC. In Figures [5^ and [IJj we can observe the maps 
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FIG. 2. (Color online) Absolute values of the acoustic field 
inside the SC with and without point defect. Numerical maps 
calculated by FEM inside the complete SC (a) and inside the 
SC with a point defect (b). (c) Numerical and Experimental 
data for the the interior path marked in (a) and (b) with a 
red line. Red continuous line (Red open circles) represents 
the numerical (experimental) results for complete SC. Blue 
continuous line (Blue open circles) represents the numerical 
(experimental) results for SC with a point defect. 

obtained by Finite Element Method (FEM) for the com- 
plete SC and for the SC with a point defect respectively. 
In FigureHJ; we represent both numerical and experimen- 
tal absolute values of the pressure for complete SC and 
for SC with a point defect corresponding to the cross 
sections marked with a red line in Figures [2^ and ^p. 
Experimental results are also plotted in Figure 

For a complete SC, we can observe in Figure[2]both nu- 
merically (red continuous) and experimentally (red open 
circles) exponential-like decay of the mode with the dis- 
tance all along the SC without point defect. From these 
experimental data, we have chosen the points with max- 
imum values in order to fit an exponential ae^^ . The val- 
ues of the parameters in the fit are a = 0.02938 ± 0.0103 
and b = Im{k) = -5.60 ± 1.45m-i. 

In the blue line in Figure[2t we can observe the effect of 
the point defect in the acoustic field inside the SC. In the 
region of the point defect there is an increasing value of 
the acoustic pressure because of the localized mode. We 
can also observe that the absolute value of the pressure 
for the localized mode is bigger than in the case of the 
complete SC at the end of the SC, proving the passing 
mode shown in Figure [TJ To enhance the localization 
of the sound inside the SC we would need a SC with a 
bigger number of rows around the point defect as it was 
shown by some authors^'^. 

The border of the cavity is located approximately at 
X = 0.6m as we can observe in Figure [21d. From this point 
to the end of the SC we can observe that the acoustic field 
is drastically reduced, but with these evidences we cannot 
confirm that the behaviour of the localized mode out of 
the cavity is evanescent. To do that, we have analyzed 
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the sound inside a bigger SC with a point defect (see 
inset of Figure . Figure [5^ presents both numerical 
(blue line) and experimental (blue open circles) values 
of the acoustic field from the end of the cavity to the 
end of a SC showing the evanescent behaviour of the 
localized mode out of the cavity. Analogously as the case 
of complete SC, here we have also chosen the points with 
maximum values (see black open circles in Figure |3^) in 
order to fit an exponential decay ae^^ . The values of the 
parameters in the fit are a = 3.84±9.92 and b = Im{k) — 
—5.81 ± 4.06m~^ and the curve is also plotted in Figure 
[5^ with red dashed line. From the experimental point of 
view we are constrained by the size of the SC, and as a 
consequence we have only been able to use a few points 
for the exponential fit. This results in a big error in the 
parameters of the fit. Even so, the value obtained for the 
Im{k) is very closed to the one obtained both analytically 
(EPWE) and experimentally for the complete SC. The 
difference is less than 4% in both cases. 

We have analyzed one frequency (920Hz) inside the 
BG, but this exponential-like decay should be observed 
for every the frequencies inside BG independently if there 
is or not a point defect in the SC. Figures and|3J: rep- 
resent the experimental 3D spectra for both complete SC 
and SC with a point defect respectively, in the range of 
frequencies [750, lOOOjHz, in the BG. In Figure we 
observe the experimental evidences of the evanescent be- 
haviour for all the modes inside the BG for a complete 
SC. For the case of the SC with a point defect there 
is a change in the propagation properties. We observe 
clearly in Figure ^ the evanescent behaviour of the lo- 
calized frequencies out of the region of the point defect 
and how the localization is produced, showing the effect 
of the cavitjii^. We can also observe in Figure [3}: the 
evanescent behaviour for all modes out of the frequencies 
of the localization range. 

The propagation of waves inside periodic structures 
consists on both propagating and evanescent modes. Us- 
ing EPWE we have observed the evanescent nature of 
the modes inside the BG with negative complex Bloch 
vectors. From the experimental point of view we have 
observed that the exponential-like decay is dominated 
by the first harmonic of the Fourier expansion of the 
Bloch wave, obtaining this exponential-like decay for the 
modes in the BG (/m(fc) = -5.6 ± 1.45m-i for 920Hz) 
and for localized modes in a SC with a point defect 
(/m(fc) = — 5.81±4.06m^^). From analytical and experi- 
mental data we can conclude that localized modes present 



evanescent behaviour out of the cavity with the same 
exponential-like decay than a wave with the same fre- 
quency impinging over a complete SC. Due to the break- 
ing periodicity, the physical situations are very different 
between complete SC and SC with point defects, even so 
we can conclude that the space observed by the localized 
wave from inside of the cavity is topologically equiva- 
lent to the observed by the same wave from outside of 
a complete SC. This work is fundamental for the correct 
understanding of the design of narrow filters and wave 
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FIG. 3. (Color online) (a) Absolute values of pressure in- 
side a 6x5 SC with a point defect: Numerical results (Blue 
line), experimental results (blue open circles). Red dashed 
line represents the fitted exponential-like decay of the local- 
ized mode using the black open circles, (b) and (c) represent 
the 3D spectra for the complete SC and for the SC with a 
point defect respectively. 

guides based on Phononic Crystals with point defects. 
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